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Molecular dynamics study of diffusion in a bilayer electron gas
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Molecular dynamics simulations of strongly coupled, classical electronic bilayers, interacting through the
Coulomb potential, have been produced and studied. Values of the plasma coupling pafabetteeen 10
and 80 and interlayer separatiod$rom 0.1 to 3.0,(in units of Wigner-Seitz radiyswere considered. The
simulation results were used to calculate the intralayer and interlayer pair correlation functions and self-
diffusion of charged particles in this system. The variation of self-diffusion Wi#ndd has been analyzed,
and it is found that for the largest value Bf the diffusion coefficient does not increase monotonically with
layer separation, but has a distinct minimum for valuesl sfightly less than 1.
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[. INTRODUCTION to investigate the effect on diffusion of the interlayer separa-
tion distance for various values of the coupling strength.
Two-dimensional electron systems have been extensively
studied, both experimentally and theoretically, during the last Il. METHOD
20 years. Understanding of such systems has led to important . . . -
developments in semiconductor technology. Recently, lay-. The system o be S|mplated Is a bilayer consisting of plas-
. sical electrons interacting through the three-dimensional
ered structures of charged particles have become a focus

hin th 1-3 . tra d : oulomb potential. The electrons are distributed in two
research in eonf1-3], experimen [4], an computer planes separated by a constant distance; each electron is con-
simulation [5,6]. lon traps and semiconductor devices are

_ : “strained to move only in the plane of its original distribution.
examples of such structures; they have been fabricated “S“&arge neutrality is guaranteed by embedding the electrons

nanotechnology techniques for a fairly wide range of densiy, 5 uniform background of opposite charge. A thermody-
ties and interlayer separations. A simple but realistic modehamic state of the system is entirely specified by the plasma
of such systems is that of a bilayer, where charged particle§oup|ing parametel’ =e?/aksT and the interlayer separa-
are confined to two plane parallel layers, so that each plangon d; a= (nw) 2 is the WS radius witin being the areal
contains a one-component plast@CP) in a neutralizing  density, kg is the Boltzmann constant is the electronic
uniform background. charge, and is the temperature. Only symmetric bilayers, in

Lattice dynamics calculationfl] at zero temperature, which the density of the electrons is the same in both layers,
(i.e.,I'=x), have shown that a classical bilayer Wigner crys-were considered in this study.
tal undergoes a sequence of distinct structural phases as the Since the Coulomb potential is of long range, certain
layer separation is increased from zero. It starts off, as exmodifications have to be made when it is used in a MD
pected, from a monolayer hexagonal lattice and then besimulation. A widely used technique is based on the Ewald
comes a staggered rectangular lattice, a staggered square 1&¢m that has been applied in three-dimensional and two-
tice, a staggered rhombic lattice, and finally ends up in thélimensional OCP studies. This method has been extended to
expected staggered hexagonal lattice for values of the inteRilayers[7.,8], giving the following expression for the force -
layer separation greater than 1.3 in units of the Wigner-Seit®". Say, particle 1 due to particles in the same plane and in
(WS) radius. the other plang7].

This bilayer model can be studied using molecular dy- N
ngmics(MD) s_imglatio_n mgthods. Such stqdies shOl_JId pro- ﬁ(Fl)Z 2_77 E @[Eerfc( i) E sin(g- (f,— )]
vide valuable insights into its behavior. Static properties such L?2§=0 |g j=2
as intralayer and interlayer pair distribution functions, dy- N
namic properties such as time correlation functions, and L
transport properties such as diffusion can be obtained from + '//(giK,d)Zl sW{g-(fl—P,‘)]}
the MD data. In this paper, we deal mainly with self- :

2a

diffusion of the charged particles, as this plays an important N 3, 2
role in understanding the dynamics of such systems and +> D - 13 erfo( a|Syj|) + a|$yj| ——=
hence in their physical applications. The aim of this paper is o i=1 8yl \/;
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just in the bilayer system as a whol@he independence of
j {erfo(x|6lj|) the total energy on the Ewald sum parametewas con-
firmed in[7].)

The position coordinates of the electrons were then com-

.2 . puted without temperature scaling for the next 20 000 time
+ k|dy;] —exp(—K2|d1]-|2) (1)  steps and stored. The temperature stayed within 2% of the
\/; desired value for each separatiahconsidered and each

layer. These coordinates were used to obtain the two types of

N
><exp(—a2|§1j|2)] +2 >

with pair distribution function and the mean-square displacement
as a function of time. Simulations were performed for
o r _ .
e.d :J dr erf( k\r2+d2)Ja(ar =10, 2(_), 4_0, gnd_80, and various valuesddf_om 0.1to 3.
Hgird) 0o r’+d? (x Molgr) The pair distribution functiorg(r) was obtained from the
simulation data using the formula
g _ g
=_ | g9d = gd =~
29|° e”‘C(zK”d e e”‘c(zk "d) ’ (n(r))=2rArng(r), ®

(20 where(n(r)) is the average number of particles in an annu-
L - L s _lus of radiusr and thicknesdr, centred at a given patrticle.
§;j=F—fj+p anddy;=ry—p;+d+p; f; denotes the posi-  Ar was taken to be 0.02, and averages were carried out over
tion of theith electron in the bottonix,y) plane andg; the 20000 time steps, with every fifth time step as a new origin.
position of thejth electron in the todx,y) plane, and the Both the intralayeiy,(r), and interlayerg,(r) pair distri-
planes are separated by a distad@ong thezaxis;L is the  pytion functions were calculatedyy(r) corresponds to par-
length of the square simulation cell antis the number of  ticjes in the same layer, whilg;(r) corresponds to particles
electrons in each cell. The sum oeis & sum over integers - pejonging to different layers but positions projected onto the
N1,A With =L (\1,\2); the prime on this sum implies that same plane.
ifi=j, theﬁzﬁ term is to be omitted. The parameterand The diffusion coefficienD can be obtained from the as-
k are to be so chosen that both series in Bg.converge sumed linear behavior of the mean-square displacement at
rapidly. Our analysis indicated that a good choice for both oflarge times. In theory, it can be computed from the relation
the parameters is B/and an acceptable accuracy can be

> 2
obtained usingy20 for the largest\|; this corresponds to D= lim (Ar<(t) _ Iimi E(Arz(t» @
taking 38 terms in thg-space sums in the expression for the e At 4 dt '

force. This is sufficiently large that only thgé=0 terms in
ther-space summation in E@l) need to be retained, imply- Wwhere
ing that the real-space term vanishes at a distance corre- e
sponding to the distance from the cell center to its edge. The " "
dynamics in our MD simulation is based on this expression (Ar2(n)= N<le |r]-(t)—rj(0)|2> ®)
for the force. All quantities involved are in dimensionless
units: distance in units of WS radius time in units of7 s the mean-square displacement. In practice, we plotted Eq.
=\Jma’¥/e?. The two layers have the same surface density5) and (Ar?(t))/4t for each layer and used the latter to
and the basic cell is a square with side length estimate the constar. For most states, both layers gave
=(N/na?)*?, containing 128 electrons in each of the two nearly the same plots and we were able to estimate errors in
layers. Sincea is the unit of length, the density in each layer D from these plots.
takes the value #. For a typical electron density of
8x10”¥m?, ais 2xX10 ' m. lll. RESULTS AND DISCUSSION

The starting configuration for the electrons was a face-
centered structure, with velocities given by the Maxwellian We have calculated the pair distribution functicgs(r)
distribution determined by the plasma paramédte(i.e., in- andgq,(r) and the diffusion coefficient fof' =10, 20, 40,
verse temperatuyeThe time stegh was chosen to be 0.03 in and 80, for various values of the interlayer separatibon
dimensionless units(this corresponds to about 0.16)ps However, in this paper we wish to present a detailed analysis
Temperature scaling was done every 50 time steps. The staxf our results fol’=80 only. It has been shown, experimen-
ing equilibrium configuration for the MD simulation of in- tally [9] and by computer simulatiofi0], that melting of an
terest was obtained after running the initial configuration forisolated two-dimensional electron solid occurs in the range
9000 time stepgcontaining three temperature scaling inter- 120<I"<140. Thus, to specifically investigate the sequence
valg. We were able to maintain the temperature to withinof solid-solid structural phase transitions of a classical elec-
about 2% of the desired temperature in each layer, whildronic bilayer as a function of layer separation, a high value
conserving the total linear momentum and checking that thef I" is needed. Weis, Levesque, and Jofg¢ have per-
total energy was constant during time intervals during whichformed Monte Carlo simulations fdi=196. At this value of
there was no temperature scaling. It is worth stressing thdf the system is in a solid phase, the diffusion coefficient will
maintaining the temperature i@ach layer is essential, not be extremely small and the mean-square displacement will
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FIG. 1. Intralayer pair correlation functiagy(r) for I'=80, (a) FIG. 2. Same as Fig. 1, except for interlayer pair correlation

d=0.5 and(b) d=1.5. Our results are indicated by solid lines, function g1r).
while those of Donkand Kalmar{6] by dashed lines. The vertical
lines indicate the positions of the nearest-neighbor shells for a per- . . .
fect (a) staggered square lattice afiil staggered hexagonal lattice. Icalled tgatglz_(:]) Lel‘tites t(? _partlcles_ belodnglng to dlﬁerlent

r andd are in units of the Wigner-Seitz radias Quantities plotted ayers ut with their positions projected onto one piane.
in all figures are dimensionless. Again the agreement between the two MD results is excel-

lent. The vertical lines indicate the peak positions of a per-

show oscillatory behavior. Since our interests lie in an analyfect staggered square latticedat 0.5, and that of a perfect
sis of diffusion, we chos& =80. For this value, the bilayer staggered hexagonal lattice @t 1.5. Note that these posi-
system would be in a fluid phase of an equivalent, isolatedions are different from those in Fig. 1.
two-dimensional OCP for small and large values of inter- Though the system dt =80 is quite removed from the
layer separation, but still the effects of solidlike behavior intransition to a solid for small and large interlayer separations,
diffusion could be seen at certain intermediate values of th&oth pair correlation functions do display a variety of inter-
interlayer separation. esting features as the interlayer separation changes. These

In Figs. 1@ and ib) the results for intralayer pair corre- correlation functions have been generated earlier using the
lation functiongy4(r) for =80 and ford=0.5 and 1.5 are hypernetted chain theof] and by molecular dynamids],
shown. The solid line represents our results and the dashéhd have been discussed and analyZg@], but still it is
line the results of Donka@and Kalman[6]. They calculated Worthwhile, for the sake of completeness, to just point out
g11(r) and g;5(r) for an electronic bilayer using an MD some of their salient features.
simulation based on thgarticle-particle particle-mestal- (@) At d=0.1,915(r) andg,,(r) are very nearly the same,
gorithm while we have used an algorithm that is an extensio@nd they agree with thg(r) expected from a single isolated
of the Ewald sum for a two-dimensional OCP. It is seen thalayer with I'=80v2=113. At d=0, the two layers merge,
the two MD results agree very well and establish the fact thathus doubling the density and hence the system behaves like
both algorithms are correct and accurate. We have compareh isolated two-dimensional layer, wit2I" as its plasma
the two results for a range d&f andd values and the agree- parameter. The peak positions reveal the expected hexagonal
ment is excellent throughout. structure, though not exactly, singeis still lower than the

The vertical lines in Fig. (a) denote the peak positions of solidification value of about 130.
the nearest-neighbor shells of a perfect square lattice, while (b) As d is increased to about 0.5, the height of the first
in Fig. 1(b) they denote the peak positions of the nearestpeak ofg,,(r) decreases considerably and actually becomes
neighbor shells of a perfect hexagonal lattice. These posiess than the height of the second peak. In the same interval,
tions have been taken from the results of Weis Levesque, aritie height of the first peak aj;,(r) increases considerably.
Jorge[5]. Thus we see changes in lattice structures, ever he structure has slowly changed from hexagonal to square.
though the system is not quite in a solid phased At0.5, the (c) As d increases from 0.5 to about 1.0, the heights and
peak positions of14(r) do reflect those of a square lattice. positions of the peaks ig,(r) andg,,(r) rearrange, as the
At d=1.5, the peak positions have clearly moved away fronsystem is trying to evolve into a hexagonal lattice. és
that of a square lattice and are now more suggestive of further increases, there are no significant changes, i(r)
hexagonal lattice. The agreement between the peak positiods it keeps the hexagonal structure, loses some of its long-
of g14(r) and those of the lattices will not be precise, as therange characteristics and gets closer to d¢le) of an iso-
value of I is only 80 and thus considerably less than thelated layer withI'=80. Ford>2, there is no appreciable

solid changeover value. correlation between the two layers agg(r) loses all of its
In Figs. 2a) and 2b), similar results for the interlayer structure.
pair correlation functiorg,,(r) are shown. It should be re- These structural changes are also reflected in the heights
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FIG. 3. Dependence on the interlayer separatipaf height of
first peak forgq4(r) (solid) andg,(r) (dashed for I'=80.

of the first peaks of the pair correlation functions. Figure 3 is
a plot showing the height of the first peak gf,(r) and
01x(r) as a function of the interlayer separationfor T"
=80. It is seen that one graph is almost a mirror image of the
other ford<<1. The height of the first peak af;,(r) goes
through a minimum while that fag,,(r) attains a maximum.
The maximum height of the first peak fgg,(r) occurs near
d=0.5. Since the height is an indication of the coordination
numbers, the plot is suggestive of structural changes.
Figures 4a) and 4b) are plots showing the mean-square
displacement as a function of time fdr=80. The first
shows approximately straight lines with slopes that decrease
asd increases for some valuesafn [0.1, 0.65. The second
indicates that fod in [0.65, 0.9 the diffusion rate is much

Mean square displacement

Mean square displacement

(b)
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smaller and the mean-square displacement shows oscillations FIG. 4. Mean-square displaceméint units ofa?) as function of
with time. Such behavior is typical of the small diffusion time (in units of 7) for I'=80. (a) d values between 0.1 and 0.65)

rates and the structure found in solids. The valuesl &r  d=0.65, 0.8, and 0.9.

which this occurs are in the domain where the bilayer is in a
staggered square structure.

Figure 5 illustrates the variation of the diffusion coeffi-
cient D with interlayer separatior for I'=80. We have
noted that ford=0, and ford> 2, the system behaves like an
isolated two-dimensional layer. However fo+= 0, the value
of the plasma parametér is 113, while ford>2, I" is 80.
Since diffusion coefficients increase &5 decreases, one
might expect a monotonic increase in the diffusion coeffi-
cient as the interlayer separation increases. However, our re-
sults show a very different and dramatic behavior. The dif-
fusion coefficient starts ai=0.1 with a value that closely
corresponds an isolated layer with=113. It then decreases,
by an order of magnitudeas the interlayer separatiahin-
creases to 0.8, after which it shows a very quick increase and
then levels off, ford>1.5, at a value that corresponds to an
isolated layer withl’=80. Such a behavior reflects the fact
that our chosen value df is high enough to initiate crystal-
line phases for certain interlayer separations. The drastic re-
duction of the diffusion coefficient in the range €8
< 1.0 clearly indicates the enhanced stability of the staggered
square lattice structure in this domain. It can be argued that
this is indicative of a solid-liquid phase transition in thied

Diffusion Coefficient
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FIG. 5. Dependence of diffusion coefficieBt(in units ofa?/7)

plane, but more research along these lines has to be done for layer separatiod (in units of a) for I'=80.
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various values of" to map out the phase boundary com- creases, the diffusion coefficient shows a decrease only up to
pletely. the formation of a square lattice for our chosen valud’of
We have also indicated error bars in Fig. 5 in the calcuNote that crystalline phases for an isolated two-dimensional
lation of D, for each value of the interlayer separation. TheOCP, would not be detected untilis larger than 130. The
main sources of error are the variation in the temperature dbehavior of the diffusion coefficient as a function of the layer
each layer during the simulation resulting in a slightly differ- separation is the main result of our paper and it would be
ent diffusion behavior of the layers and the fact that simula-interesting to extend this research to a wide rang€ gél-
tions produce mean-square displacements that are not, faes. One can then analyze the stability of the various lattice
long times, exactly linear functions of time for some valuesstructures, their effect on diffusion, and the existence of a
of d. Nevertheless, the nature of the dependence of the disolid-liquid phase boundary in thE-d plane. Our results
fusion coefficient on interlayer separation is unequivocallyshould also provide impetus to devise experiments that
revealed in this diagram. would measure diffusion coefficients and to develop theoret-
In conclusion, we note that for small and large values ofical models of diffusion in classically charged bilayers.
d, the pair distribution functions mirror that of a fluid phase;
at mterm_edlate values af the two layers support each other ACKNOWLEDGMENTS
to establish a long-range order and create crystalline phases.
The formation of crystalline structures would indeed de- This project was supported in part by a grant from the
crease the diffusion coefficient. It is seen that though théAcademic Research ProgratARP) of the Department of
system undergoes hexagonal, rectangular, square, rhombigational Defence, Canada. We thank Z. Dorkal G. Kal-
and back to hexagonal structures as the layer separation iman for providing theig(r) data.
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