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Molecular dynamics study of diffusion in a bilayer electron gas
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Molecular dynamics simulations of strongly coupled, classical electronic bilayers, interacting through the
Coulomb potential, have been produced and studied. Values of the plasma coupling parameterG between 10
and 80 and interlayer separationsd from 0.1 to 3.0,~in units of Wigner-Seitz radius!, were considered. The
simulation results were used to calculate the intralayer and interlayer pair correlation functions and self-
diffusion of charged particles in this system. The variation of self-diffusion withG andd has been analyzed,
and it is found that for the largest value ofG, the diffusion coefficient does not increase monotonically with
layer separation, but has a distinct minimum for values ofd slightly less than 1.
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I. INTRODUCTION

Two-dimensional electron systems have been extensi
studied, both experimentally and theoretically, during the
20 years. Understanding of such systems has led to impo
developments in semiconductor technology. Recently,
ered structures of charged particles have become a focu
research in theory@1–3#, experiment @4#, and computer
simulation @5,6#. Ion traps and semiconductor devices a
examples of such structures; they have been fabricated u
nanotechnology techniques for a fairly wide range of den
ties and interlayer separations. A simple but realistic mo
of such systems is that of a bilayer, where charged parti
are confined to two plane parallel layers, so that each p
contains a one-component plasma~OCP! in a neutralizing
uniform background.

Lattice dynamics calculations@1# at zero temperature
~i.e.,G5`!, have shown that a classical bilayer Wigner cry
tal undergoes a sequence of distinct structural phases a
layer separation is increased from zero. It starts off, as
pected, from a monolayer hexagonal lattice and then
comes a staggered rectangular lattice, a staggered squar
tice, a staggered rhombic lattice, and finally ends up in
expected staggered hexagonal lattice for values of the in
layer separation greater than 1.3 in units of the Wigner-S
~WS! radius.

This bilayer model can be studied using molecular d
namics~MD! simulation methods. Such studies should p
vide valuable insights into its behavior. Static properties s
as intralayer and interlayer pair distribution functions, d
namic properties such as time correlation functions, a
transport properties such as diffusion can be obtained f
the MD data. In this paper, we deal mainly with se
diffusion of the charged particles, as this plays an import
role in understanding the dynamics of such systems
hence in their physical applications. The aim of this pape
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to investigate the effect on diffusion of the interlayer sepa
tion distance for various values of the coupling strength.

II. METHOD

The system to be simulated is a bilayer consisting of cl
sical electrons interacting through the three-dimensio
Coulomb potential. The electrons are distributed in tw
planes separated by a constant distance; each electron is
strained to move only in the plane of its original distributio
Charge neutrality is guaranteed by embedding the elect
in a uniform background of opposite charge. A thermod
namic state of the system is entirely specified by the plas
coupling parameterG5e2/akBT and the interlayer separa
tion d; a5(np)21/2 is the WS radius withn being the areal
density, kB is the Boltzmann constant,e is the electronic
charge, andT is the temperature. Only symmetric bilayers,
which the density of the electrons is the same in both lay
were considered in this study.

Since the Coulomb potential is of long range, certa
modifications have to be made when it is used in a M
simulation. A widely used technique is based on the Ew
sum that has been applied in three-dimensional and t
dimensional OCP studies. This method has been extende
bilayers@7,8#, giving the following expression for the forc
on, say, particle 1 due to particles in the same plane an
the other plane@7#.
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sW1 j5rW12rW j1pW anddW 1 j5rW12rW j1dW 1pW ; rW i denotes the posi
tion of the i th electron in the bottom~x,y! plane andrW j the
position of the j th electron in the top~x,y! plane, and the
planes are separated by a distanced along thez axis;L is the
length of the square simulation cell andN is the number of
electrons in each cell. The sum overpW is a sum over integers
l1 ,l2 with pW 5L(l1 ,l2); the prime on this sum implies tha
if i 5 j , thepW 50W term is to be omitted. The parametersa and
k are to be so chosen that both series in Eq.~1! converge
rapidly. Our analysis indicated that a good choice for both
the parameters is 8/L and an acceptable accuracy can
obtained usingA20 for the largestulW u; this corresponds to
taking 38 terms in theg-space sums in the expression for t
force. This is sufficiently large that only thepW 50W terms in
the r-space summation in Eq.~1! need to be retained, imply
ing that the real-space term vanishes at a distance co
sponding to the distance from the cell center to its edge.
dynamics in our MD simulation is based on this express
for the force. All quantities involved are in dimensionle
units: distance in units of WS radiusa, time in units oft
5Ama3/e2. The two layers have the same surface den
and the basic cell is a square with side lengthL
5(N/na2)1/2, containing 128 electrons in each of the tw
layers. Sincea is the unit of length, the density in each lay
takes the value 1/p. For a typical electron density o
831012 m22, a is 231027 m.

The starting configuration for the electrons was a fa
centered structure, with velocities given by the Maxwelli
distribution determined by the plasma parameterG, ~i.e., in-
verse temperature!. The time steph was chosen to be 0.03 i
dimensionless units;~this corresponds to about 0.16 ps!.
Temperature scaling was done every 50 time steps. The s
ing equilibrium configuration for the MD simulation of in
terest was obtained after running the initial configuration
9000 time steps~containing three temperature scaling inte
vals!. We were able to maintain the temperature to with
about 2% of the desired temperature in each layer, w
conserving the total linear momentum and checking that
total energy was constant during time intervals during wh
there was no temperature scaling. It is worth stressing
maintaining the temperature ineach layer is essential, no
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just in the bilayer system as a whole.~The independence o
the total energy on the Ewald sum parameterk was con-
firmed in @7#.!

The position coordinates of the electrons were then co
puted without temperature scaling for the next 20 000 ti
steps and stored. The temperature stayed within 2% of
desired value for each separationd considered and eac
layer. These coordinates were used to obtain the two type
pair distribution function and the mean-square displacem
as a function of time. Simulations were performed forG
510, 20, 40, and 80, and various values ofd from 0.1 to 3.
The pair distribution functiong(r ) was obtained from the
simulation data using the formula

^n~r !&52prDrng~r !, ~3!

where^n(r )& is the average number of particles in an ann
lus of radiusr and thicknessDr , centred at a given particle
Dr was taken to be 0.02, and averages were carried out
20 000 time steps, with every fifth time step as a new orig
Both the intralayerg11(r ), and interlayerg12(r ) pair distri-
bution functions were calculated;g11(r ) corresponds to par
ticles in the same layer, whileg12(r ) corresponds to particle
belonging to different layers but positions projected onto
same plane.

The diffusion coefficientD can be obtained from the as
sumed linear behavior of the mean-square displacemen
large times. In theory, it can be computed from the relati

D5 lim
t→`

^Dr 2~ t !&
4t

5 lim
t→`

1

4

d

dt
^Dr 2~ t !&, ~4!

where

^Dr 2~ t !&5
1

N K (
j 51

N

urW j~ t !2rW j~0!u2L ~5!

is the mean-square displacement. In practice, we plotted
~5! and ^Dr 2(t)&/4t for each layer and used the latter
estimate the constantD. For most states, both layers gav
nearly the same plots and we were able to estimate erro
D from these plots.

III. RESULTS AND DISCUSSION

We have calculated the pair distribution functionsg11(r )
and g12(r ) and the diffusion coefficient forG510, 20, 40,
and 80, for various values of the interlayer separationd.
However, in this paper we wish to present a detailed anal
of our results forG580 only. It has been shown, experime
tally @9# and by computer simulation@10#, that melting of an
isolated two-dimensional electron solid occurs in the ran
120,G,140. Thus, to specifically investigate the sequen
of solid-solid structural phase transitions of a classical el
tronic bilayer as a function of layer separation, a high va
of G is needed. Weis, Levesque, and Jorge@5# have per-
formed Monte Carlo simulations forG5196. At this value of
G the system is in a solid phase, the diffusion coefficient w
be extremely small and the mean-square displacement
3-2
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show oscillatory behavior. Since our interests lie in an ana
sis of diffusion, we choseG580. For this value, the bilaye
system would be in a fluid phase of an equivalent, isola
two-dimensional OCP for small and large values of int
layer separation, but still the effects of solidlike behavior
diffusion could be seen at certain intermediate values of
interlayer separation.

In Figs. 1~a! and 1~b! the results for intralayer pair corre
lation functiong11(r ) for G580 and ford50.5 and 1.5 are
shown. The solid line represents our results and the das
line the results of Donko´ and Kalman@6#. They calculated
g11(r ) and g12(r ) for an electronic bilayer using an MD
simulation based on the~particle-particle particle-mesh! al-
gorithm while we have used an algorithm that is an extens
of the Ewald sum for a two-dimensional OCP. It is seen t
the two MD results agree very well and establish the fact t
both algorithms are correct and accurate. We have comp
the two results for a range ofG andd values and the agree
ment is excellent throughout.

The vertical lines in Fig. 1~a! denote the peak positions o
the nearest-neighbor shells of a perfect square lattice, w
in Fig. 1~b! they denote the peak positions of the neare
neighbor shells of a perfect hexagonal lattice. These p
tions have been taken from the results of Weis Levesque,
Jorge @5#. Thus we see changes in lattice structures, e
though the system is not quite in a solid phase. Atd50.5, the
peak positions ofg11(r ) do reflect those of a square lattic
At d51.5, the peak positions have clearly moved away fr
that of a square lattice and are now more suggestive
hexagonal lattice. The agreement between the peak posi
of g11(r ) and those of the lattices will not be precise, as
value of G is only 80 and thus considerably less than t
solid changeover value.

In Figs. 2~a! and 2~b!, similar results for the interlaye
pair correlation functiong12(r ) are shown. It should be re

FIG. 1. Intralayer pair correlation functiong11(r ) for G580, ~a!
d50.5 and ~b! d51.5. Our results are indicated by solid line
while those of Donko´ and Kalman@6# by dashed lines. The vertica
lines indicate the positions of the nearest-neighbor shells for a
fect ~a! staggered square lattice and~b! staggered hexagonal lattice
r andd are in units of the Wigner-Seitz radiusa. Quantities plotted
in all figures are dimensionless.
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called thatg12(r ) relates to particles belonging to differen
layers but with their positions projected onto one plan
Again the agreement between the two MD results is exc
lent. The vertical lines indicate the peak positions of a p
fect staggered square lattice atd50.5, and that of a perfec
staggered hexagonal lattice atd51.5. Note that these posi
tions are different from those in Fig. 1.

Though the system atG580 is quite removed from the
transition to a solid for small and large interlayer separatio
both pair correlation functions do display a variety of inte
esting features as the interlayer separation changes. T
correlation functions have been generated earlier using
hypernetted chain theory@2# and by molecular dynamics@6#,
and have been discussed and analyzed@2,6#, but still it is
worthwhile, for the sake of completeness, to just point o
some of their salient features.

~a! At d50.1,g11(r ) andg12(r ) are very nearly the same
and they agree with theg(r ) expected from a single isolate
layer with G580&>113. At d50, the two layers merge
thus doubling the density and hence the system behaves
an isolated two-dimensional layer, with&G as its plasma
parameter. The peak positions reveal the expected hexag
structure, though not exactly, sinceG is still lower than the
solidification value of about 130.

~b! As d is increased to about 0.5, the height of the fi
peak ofg11(r ) decreases considerably and actually becom
less than the height of the second peak. In the same inte
the height of the first peak ofg12(r ) increases considerably
The structure has slowly changed from hexagonal to squ

~c! As d increases from 0.5 to about 1.0, the heights a
positions of the peaks ing11(r ) andg12(r ) rearrange, as the
system is trying to evolve into a hexagonal lattice. Asd
further increases, there are no significant changes ing11(r )
as it keeps the hexagonal structure, loses some of its lo
range characteristics and gets closer to theg(r ) of an iso-
lated layer withG580. For d.2, there is no appreciable
correlation between the two layers andg12(r ) loses all of its
structure.

These structural changes are also reflected in the hei

r-

FIG. 2. Same as Fig. 1, except for interlayer pair correlat
function g12(r ).
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of the first peaks of the pair correlation functions. Figure 3
a plot showing the height of the first peak ofg11(r ) and
g12(r ) as a function of the interlayer separationd for G
580. It is seen that one graph is almost a mirror image of
other for d,1. The height of the first peak ofg11(r ) goes
through a minimum while that forg12(r ) attains a maximum.
The maximum height of the first peak forg12(r ) occurs near
d50.5. Since the height is an indication of the coordinat
numbers, the plot is suggestive of structural changes.

Figures 4~a! and 4~b! are plots showing the mean-squa
displacement as a function of time forG580. The first
shows approximately straight lines with slopes that decre
asd increases for some values ofd in @0.1, 0.65#. The second
indicates that ford in @0.65, 0.9# the diffusion rate is much
smaller and the mean-square displacement shows oscilla
with time. Such behavior is typical of the small diffusio
rates and the structure found in solids. The values ofd for
which this occurs are in the domain where the bilayer is i
staggered square structure.

Figure 5 illustrates the variation of the diffusion coef
cient D with interlayer separationd for G580. We have
noted that ford50, and ford.2, the system behaves like a
isolated two-dimensional layer. However ford50, the value
of the plasma parameterG is 113, while ford.2, G is 80.
Since diffusion coefficients increase asG decreases, one
might expect a monotonic increase in the diffusion coe
cient as the interlayer separation increases. However, ou
sults show a very different and dramatic behavior. The d
fusion coefficient starts atd50.1 with a value that closely
corresponds an isolated layer withG5113. It then decreases
by an order of magnitude, as the interlayer separationd in-
creases to 0.8, after which it shows a very quick increase
then levels off, ford.1.5, at a value that corresponds to
isolated layer withG580. Such a behavior reflects the fa
that our chosen value ofG is high enough to initiate crystal
line phases for certain interlayer separations. The drastic
duction of the diffusion coefficient in the range 0.5,d
,1.0 clearly indicates the enhanced stability of the stagge
square lattice structure in this domain. It can be argued
this is indicative of a solid-liquid phase transition in theG-d
plane, but more research along these lines has to be don

FIG. 3. Dependence on the interlayer separationd, of height of
first peak forg11(r ) ~solid! andg12(r ) ~dashed! for G580.
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FIG. 4. Mean-square displacement~in units ofa2! as function of
time ~in units oft! for G580. ~a! d values between 0.1 and 0.65.~b!
d50.65, 0.8, and 0.9.

FIG. 5. Dependence of diffusion coefficientD ~in units ofa2/t!
on layer separationd ~in units of a! for G580.
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various values ofG to map out the phase boundary com
pletely.

We have also indicated error bars in Fig. 5 in the cal
lation of D, for each value of the interlayer separation. T
main sources of error are the variation in the temperatur
each layer during the simulation resulting in a slightly diffe
ent diffusion behavior of the layers and the fact that simu
tions produce mean-square displacements that are not
long times, exactly linear functions of time for some valu
of d. Nevertheless, the nature of the dependence of the
fusion coefficient on interlayer separation is unequivoca
revealed in this diagram.

In conclusion, we note that for small and large values
d, the pair distribution functions mirror that of a fluid phas
at intermediate values ofd, the two layers support each oth
to establish a long-range order and create crystalline pha
The formation of crystalline structures would indeed d
crease the diffusion coefficient. It is seen that though
system undergoes hexagonal, rectangular, square, rhom
and back to hexagonal structures as the layer separatio
E

.
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creases, the diffusion coefficient shows a decrease only u
the formation of a square lattice for our chosen value ofG.
Note that crystalline phases for an isolated two-dimensio
OCP, would not be detected untilG is larger than 130. The
behavior of the diffusion coefficient as a function of the lay
separation is the main result of our paper and it would
interesting to extend this research to a wide range ofG val-
ues. One can then analyze the stability of the various lat
structures, their effect on diffusion, and the existence o
solid-liquid phase boundary in theG-d plane. Our results
should also provide impetus to devise experiments t
would measure diffusion coefficients and to develop theo
ical models of diffusion in classically charged bilayers.
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